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Strucni rad
REZIME
Rad analizira slobodne oscilacije grednih nosaca, koje su od kljucne
vaznosti za sprecavanje rezonancije u konstrukcijama poput mostova,
zgrada i drugih inzenjerskih objekata. Cilj rada je analizirati tacnost
numerickih metoda, poredenjem njihovih rezultata s egzaktnim
rjesenjima za tri slucaja oslanjanja: prosta greda, konzola i greda
ukljestena na oba kraja. Egzaktna rjesenja su prikazana za sve slucajeve.
Numericki rezultati za prva tri moda oscilacija dobiveni su u programu
ANSYS, nakon cega su uporedeni s egzaktnim vrijednostima.

Professional paper
SUMMARY
This paper examines the free oscillations of beams, which are essential
for preventing resonance in constructions such as bridges, buildings, and
other engineering structures. The objective of the study is to evaluate the
accuracy of numerical methods by comparing their results with exact
solutions for three support conditions: a simply supported beam, a
cantilever beam, and a beam fixed at both ends. Exact solutions were
presented for all cases. Numerical results for the first three oscillation

25.12. 2024 modes were obtained using ANSYS software and compared to the exact
Paper accepted: values.

27.12.2024.

1. INTRODUCTION finite number of elements to approximately solve
1.1. Oscillations of Structures mathematical models.

Beam structures are key components in - Experimental analysis involves real
engineering constructions such as bridges, measurements on physical models to compare

buildings, and machines, serving to transfer loads.

Basic oscillations analysis helps predict the
behavior of structures under dynamic loads and
avoids resonance, which is crucial for safety and
durability. Resonance occurs when the natural
frequency of a structure matches the frequency of
an external force, potentially causing severe
failures, as in the case of the Tacoma Narrows
Bridge collapse in 1940.

1.2. Methods of Oscillations Analysis
Oscillations analysis can be analytical (exact),
numerical, or experimental:

- Exact analysis uses differential equations to
determine natural frequencies and oscillations
modes. For example, the Euler-Bernoulli
equation describes the free vibrations of beam
structures.

- Numerical analysis, such as the finite element
method (FEM), discretizes the structure into a
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numerical and analytical results.

1.3. Free Vibrations

Free vibrations occur when a structure vibrates
without external forces acting on it, and their
characteristics depend on the material, geometry,
and boundary conditions. The oscillation
frequency indicates the number of oscillations per
second, while the period represents the time of
one cycle. Angular frequency shows the rate of
phase change in oscillations, and amplitude is the
maximum deviation from the initial position.

2. EXACT ANALYSIS OF A BEAM FREE
VIBRATIONS

In order to compare the results obtained from
numerical analysis, an exact analysis is
performed for three characteristic cases of beam
supports. The cases to be analyzed include: a
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simply supported beam at both ends, a cantilever
beam, and a beam clamped at both ends.

Table 1. Formulas for natural frequencies of a
beam for three characteristic cases.

Support conditions Natural frequency f
[Hz]
Simply supported beam n’r [EI
= AR
Cantilever beam B |El
f;z = f =
; v/ m
 — _
1 El ) I ,BnL — w n> 3
Fixed-fixed beam P B , EI
1 | " 22\ m
i El L 2n+ 1)z
Ly L IS IBnL = ( 2 )

The exact analysis for each of these cases
involves solving the differential equation that
describes the free oscillations of the beam,
applying the appropriate boundary conditions to
determine natural frequencies and oscillation
modes. Natural frequencies were calculated using
the appropriate formula for each support

condition.

3. FINITE ELEMENT METHOD

3.1. Concept of Finite Element

A finite element, which forms the fundamental
concept of the method, can be represented by
different geometric shapes (triangle, quadrilateral
etc.). There are 1D, 2D, and 3D finite elements,
with the simplest being 1D elements, such as
beams with two nodes and linear interpolation.
These elements interact with each other through
common values at their boundaries (nodes).

3.2. Beam Finite Element

When discretizing a beam, the first step is to
divide the beam into finite elements, indexing the
elements and nodes. The beam is divided into
finite elements that are rigidly connected at the
nodes. Concentrated forces and bending moments
act at the nodes (including forces representing the
support). Figure 1. shows the arrangement of
finite elements for beam oscillations analysis. A
beam-type finite element is an element with two
nodes (i, j). Beam elements can be used for 2D
planar analysis, as well as 3D spatial analysis for
axial load, bending, and torsion.

L

Figure 1. Linear finite elements for beam bending analysis.

For slender beams, the bending of the elastic
line is described using interpolation with a
third-order polynomial, which satisfies
continuity and boundary conditions between
the elements. Displacements within the
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element are determined by the following
expression:

u(s) =[N]{8}* - ()
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where [N] is the shape matrix, and {3}° is the
element nodal displacement vector [1-4].

4. EQUATION OF FREE
OSCILLATIONS

To determine the natural frequencies and
modes for the case of free oscillations using
the FEM, the matrix equation of motion for a
discretized structure with »n degrees of
freedom is used:

[M]{6} +[C]{6} +[K]{d} =0 .. (2)

where are:

[M] - mass matrix

[C] - damping matrix

[K] - stiffness matrix

{8}, {d}, and {8} - vectors of generalized
accelerations, velocities, and displacements
[6-7].

For a beam finite element with a constant
cross-sectional area, the stiffness matrix has
the following form [4-5]:

6 3L -6 3L
2EIN3L 20 3L I
"I |-6 3L 6 -3L|

3L L' 3L 2I

For a beam finite element with a constant
cross-sectional area, the mass matrix is:

K]’ - (3)

156 22L 54 —13L

pAL| 220 4D 13L 3
T 40| 54 13L 156 -22L)
-13L 30" -22L 4L
(&)

[m]*

The damping matrix is neglected for free
oscillations, because it does not significantly
affect natural frequencies and mode shapes.

0.000 0500
-

5. ANALYSIS OF BEAM FREE
OSCILLATIONS IN ANSYS

The analysis of free oscillations in ANSYS is
performed in the Modal Analysis module
within ANSYS Mechanical. This module
enables the calculation of natural frequencies
and corresponding modes. Line elements
were used to model the beam and analyze
free oscillations. The beam was also modeled
in the ANSYS program. Boundary
conditions were applied, and results were
presented for each of the three cases of free
oscillations. Material specifications and
geometric parameters of the beam are
identical for all three cases:

- Modulus of elasticity (£): 210 GPa
- Width (b): 0.1 m

- Height (2): 0.05 m

- Beam length (L): 1.2 m

- Material density (p): 8750 kg/m?

- Beam mass (m): 47.1 kg

- Moment of inertia (/): 1.041-10° m*
- Cross-sectional Area (A): 0.005 m?

5.1. Example 1: A Simply Supported Beam
The geometry of the beam is defined by
modeling in ANSYS program (Figure 2.).
The linear model was created, and the
specified cross-section was assigned. The
beam geometry is the same for all considered
characteristic cases. The example of finite
element mesh generated for considered beam
is shown in Figure 3.

1.000(m) Z/k X
1

0250
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Figure 2. Geometry of the beam
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Figure 3. An example of generated finite element mesh

After defining the boundary conditions, the
simulation is set up to determine the first
three bending oscillation modes by
simultaneously increasing number of finite
elements. The first three modes of the simply
supported beam are shown in Fig. 4. Table 1.
shows the error values between the exact
frequency calculations and the frequencies
numerically obtained in ANSYS.

Table 1. Results for the first three natural
frequencies of a simply supported beam

MOde ﬂxact ﬂlumcric Error
number [Hz] [Hz] [%]
1 81.40 81.22 0.22
2 325.62 | 322.55 0.93
3 732.65 | 717.76 1.99

0022925
2,6656e-7 Min

A:Modal

Total Deformation 2
Type: Total Deformtion
Frequency: 322,55 He

it m
27.12.2004.1828

0.20653 Max
018359
16060
013769
aran
009179

002238

: Modal
Total Deformation 3
Type: Total Deformation
Frequency: 717,76 Hz

nt: m
27.12. 20081827

016575
016254
013933
11612
00911
0063701
0061
0023283
741735 Min

0200

It can be observed that the error between the
exact values of the first and second
frequencies is less than 1%, while for the
third frequency, the error exceeds 2%.

The error for the first and second modes is
less than 1%, while the error for the third
mode is 1,99%. This demonstrates the high
accuracy of ANSYS compared to the exact
values. For the model with two finite
elements, the error in the calculation of the
third frequency is 1.8, while for twenty finite
elements, it is 0.98. As the number of
elements increases, the results converge
toward the exact values, improving the
accuracy of the analysis. Figure 5. shows the
first three frequencies for different number of
finite elements.

b w
26117e8Min

0400(m)
]
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Figure 4. The first three oscillations modes of simply supported
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Figure 5. Convergence of natural frequencies by increasing of finite element number beam

5.2. Example 2: A Cantilever Beam

The next case is a cantilever beam with one
fixed end and one free end. The geometry and
mesh are identical to those in the previous

The only difference in analysis is in applied
boundary condition. Figure 6. shows the first
three oscillation modes.

example.

A: Modal
Total Deformatian
Type: Total Defarmation
Frequency: 20337 He
Unitm
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Figure 6. The first three oscillations modes of cantilever beam

The frequency calculation error values are
presented in Table 2.

Table 2. Results for the first three natural
frequencies of the cantilever beam

It is noticeable that, when comparing the
exact frequency values with the frequency
values obtained from the numerical
simulation in ANSYS, the error for the
second and third frequencies is below 1%,

Mode Sexact Jaumeric Error while for the first frequency, the error
number [Hz] [Hz] [%] exceeds 1%.
1 28.97 29.33 1.24 Figure 7. shows the change of first three
2 181.71 182.54 0.44 frequencies by increasing the number of
3 508.68 505.63 0.59 finite elements for a cantilever beam.
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Figure 7. Convergence of first three eigenfrequencies of cantilever beam by increasing of
finite element number

5.3. Example 3: A Fixed — Fixed Beam
The third analyzed characteristic case is a
beam fixed at both ends. After applying
boundary condition on the beam model same
as in the previous examples, natural
frequencies are calculated for different finite
elements mesh. The frequency calculation
error values are presented in Table 3. Based
on Table 3., it can be concluded that the error
for the first frequency exceeds 2%, for the
third frequency 1,36%, while for the second
frequency, the error is significantly smaller,
amounting to only 0.34%. Figure 8 shows the
first three vibration modes for the beam,
obtained from the performed analysis.
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Table 3. Results for the first three natural
frequencies of the fixed-fixed beam

Mode ﬁ:xact ﬁlumeric Error
number [Hz] [Hz] [%]
1 183.06 187.33 2.27

2 508.01 509.77 0.34

3 997.23 983.84 1.36

Figure 9. shows the convergence of the first
three natural frequencies by increasing
number of finite elements. The results
confirm that finer discretization leads to
more accurate calculations. These results
highlight the importance of increasing the
number of elements to achieve higher
accuracy in numerical oscillations analysis.
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Figure 8. The first three oscillations modes of fixed-fixed beam
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Figure 9. Convergence of first three eigenfrequencies of fixed-fixed beam by increasing of

finite element number
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6. CONCUSION

This paper addressed the topic ‘Numerical
Analysis of Free Oscillations of Beams’
using exact and numerical methods. For
numerical analysis finite element method
was used in ANSYS software. Three
different beam support conditions were
analyzed: a simply supported beam, a
cantilever beam, and a beam clamped at both
ends. The numerical results obtained in
ANSYS were compared to exact solutions,
with the error not exceeding 3%. The number
of finite elements varied in the range from 2
to 20 (2, 4, 6, ... 20).

The analysis of the results showed that
increasing the number of finite elements
significantly improves the accuracy of the
obtained vibration frequencies, confirming
the importance of selecting the appropriate
mesh density for accurate numerical
calculations.
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